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Abstract. The Newman-Janis algorithm is well known to provide rotating black holes solutions to 
Einstein’s eguations from static seeds, through a complexification of a radial and a time coordinates. However, 
an ambiguity remains for the replacement of the r~^ and r~^ powers of the radial coordinate. We show here 
that the two cases are unified by a simple expression which allows its extension to the power, characteristic 
of the de Sitter (dS) and anti de Sitter (AdS) spacetimes. The formula leads almost automatically to the 
Kerr and Kerr-Newman-dS and -AdS metrics. 
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1. Introduction 


A usual criticism to the Newman-Janis algorithm (NJA) [1] for generating rotating metrics from seed 
static ones, is its apparent arbitrariness [ 2 ] in the replacement of powers or products of the complexified 
radial coordinate r and its complex conjugate f. So, ^ is replaced by 5(7 + y) and by i The de 

Sitter {dS) [3] and anti de Sitter {AdS) [4] metrics have an r^ in the numerator (see eqs.(7) and (18)) and 
it is not clear, in this case, which would be the correct replacement. 


It is easy to see that after the complexification 

M 9 r — > C 3 r = r' — ibcosO' 


( 1 ) 


with r' G (— 00 , -boo), 9' — 9 € [ 0 , tt], and b = const. > 0 to be interpreted as the rotation parameter (angular 
momentum/unit gravitational mass in the Kerr-de Sitter {KdS), Kerr-anti de Sitter (KAdS), Kerr-Newman 
de Sitter (KNdS) and Kerr-Newman anti de Sitter {KNAdS) cases). 


(i?e(r))P+^ 


reproduces, for p = —1, — 2 , the above replacements: 


.,/P+2 


-b b'^cos^9' 


Re{r) r' 11 1 

i„i2 “ i„i2 “ oir 


„-2 


1 1 


This suggests the extension to the case p = 2: 


{Re{r))^ 


| 2 > 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


which, as we will see, leads to the metrics for rdS (rotating de Sitter) [5] and rAdS (rotating anti de Sitter), 
and also for KdS, KAdS, KNdS, and KNAdS [ 6 ]. 


In what follows all spacetimes are 4-dimensional, and all quantities are expressed in geometrical units. 
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2. Schwarzschild anti de Sitter metric (SAdS) 
The SAdS metric is given by 


dssAdS = fsAdsdt^ - fsLsdr^ - r'^d^l 


( 6 ) 


with 


fsAdS = 1 - — + ^ 
r 


(7) 


where r > 0, t G (—oo, +oo), = dO"^ + sin^Od^p^, ip £ [0, 27r), M is the mass of the Schwarzschild black 

hole and a is the curvature radius of the AdS space, corresponding to an atractive cosmological constant 


^AdS 



( 8 ) 


fsAdsif) has no extrema for positive r, while 


fsAdS —t { 


+ 00 , 

—oo, 


r -A +00 
r —>■ 0+ ' 


Then, it has a unique zero which is the position of the horizon: 


rh{M, a) — + ]J I + + (1 “ "^1 + fsAds{rh) — Q- (9) 

An expansion in ^ (typically <C 1) gives the deviation of rh from the Schwarzschild value 2M: 

,-M 

r?i=2M(l —v3—) —>■ 2M as a —>■+oo. (10) 

The surface gravity KSAdS at rn can be obtained from the calculation of the 4-accelerations of static observers, 
or through the use of the Rindler approximation in the neighborhood of the horizon, r = rn + [7], with 

a G M, and neglecting terms of 0(/9^); the result is 

M rh I , , 

KSAdS = — + ^ -^ TTT = KS as a -)> -foo. (11) 

a"' AM 

With the choice a = ^KsAdS'i'h, the time-radial part of the metric is the Rindler metric: 

dSg^flg{p)\time—radial — {KSAdSP^dt^ — dp^. (12) 

The Hawking temperature at ru is given by 


Th = 


KSAdS 

27r 


(13) 


(For the global embedding Minkowskian spacetime (GEMS) approach to this calculation, see ref. [8].) 
In Eddington-Finkelstein retarded coordinates {u,r,9,p) [9], with 

dv 

dt = du + — -, 

JSAdS 

u G (—oo, -boo) and r, 0, p as before, the SAdS metric is 

d^sAdS ~ fsAdsdv? + 2dudr — r^dft^- 


(14) 


(15) 
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The anti de Sitter metric is obtained setting M = 0 i.e. with 


fAdS 



( 16 ) 


3. Schwarzschild de Sitter metric (SdS) 
The SdS metric is given by 


d-s'sdS — fsdsdt^ — fsds^’’’^ ~ 


(17) 


with 

2 AT 

fsdsir) = 1-2 > (18) 

r 

where now a is the curvature radius of the dS space corresponding to a repulsive cosmological constant 

Arfs = H— 2 - 

Depending on the relation between M and a the SdS metric has no horizon, one horizon, or two horizons. 
We shall discuss the latest case: r_: black hole horizon, and r+: cosmological horizon, which occur for 


M 

— < 

a 


1 

3^3 



r± are given by the two positive real zeros of (18): 


2 a , Itt 
r- = ^cos{^o + y), 


with 


Clearly, r_ < r+. At tq 


2a 

r+ = —cos(ipo), 


1 3-\/3A7 TT TT 

‘Po = -arccos{ -) S (-, 

3 a 6 3 

(Ma^)^/^, with r_ < ro < r+, fsdS has a relative maximum 


( 20 ) 


( 21 ) 

( 22 ) 


(23) 


fsdsiro) = 1 - 3(y)'/" > 0. 
(An absolute maximum is +oo, but occurs for r —>■ 0_.) 


(24) 


The Rindler approximations outside but close to the black hole horizon: r = r_ H-+ 0{p^), 

and inside but close to the cosmological horizon r = r+ + + O(p^), allow us to compute the surface 

gravities: 


with 


ds%ds{p)\ 



M 

r_ 

(25) 

USdS- = - 

j,2 

+ ^<0> 

HSdS+ = - 

M 

2 ” 

+ ^ >0, 

(26) 





time—radial 

± = 

{KSdS±p)'^dt'^ - dp^. 

(27) 
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The Hawking temperatures at r± are given by 


In Eddington-Finkelstein retarded coordinates, 


|'«SdS±l 


ds^dS = fsdsdu^ + 2dudr — r^dVl\. 

The de Sitter metric is obtained from (29) setting M = 0, i.e. replacing fsdS by 


fds = 1-y ■ 


4. Rotating - de Sitter (rdS) and - anti de Sitter (rAdS) metrics 
We can unify the treatments of both metrics if we denote ds^g and ds\^a by 


where 


ds\ = /ac?m^ + 2dudr — r^dVt^ 


/a = 1- 


with A = Kds given by (19) and A = A^ds given by (8). The metric corresponding to (31) is given by 


//a 1 0 0 

_ I 1 0 0 0 

- I 0 0 -r^ 0 

V 0 0 0 —r'^sin'^i 


with inverse 


/O 1 0 

_ 1 -/a 0 

9 a 0 0 -r-2 


0 0 0 —r ^sin ^9 


It is easily verified that the inverse metric defined by 

gf^'' = {Fn’' + + nfm^), (35) 

where (I, n, m, m) is the null tetrad given by 

P = (0,1,0,0), n^ = (1,-4,0,0), ^(0,0,1,-4), m^ = ^(0,0,1,-4), (36) 


with scalar products (with respect to 


I n m m 

10 10 0 

n 1 0 0 0 , 

m 0 0 0 —1 

m 0 0 —1 0 


reproduces i.e. 


r^ = 9T- 
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The complexification given by (1), together with 


(39) 


M 9 t6 —>■ C 9 M = + ibcos6', u G (—oo, +oo), 

(p' = (/?, and the prescriptions (4) and (5), lead to the transformed tetrad 

i'c = j;;, = (0,1,0,0), n'l- == (i,-t/,A,o,o), 

(«, - + .sg. +«“. j^) = 


•\/2(r' + ibcosO') 


with 


m'^ = to'^, 
Ar'4 


frA = l- 


3S ’ 


E = r'^ + b^cos^9\ 


(40) 

(41) 

(42) 


and inverse metric 




b'^sin‘^9 


( — ^ 

V • 

Its inverse gives the rdS and the rAdS metrics: 


r'^+b^ 


S 




_6 

S 

0 

1 

Tisin‘^8 


(43) 


,r' ,9' ,'p') = 


/ 1 _ 1 0 bAs^^0' ^,A 

0 0 —bsin^9' 

■ -E 0 

_ sirdO' j 


with 


A = (/^ + b^y - b^sin^9'(r'^ + b^ - Ar'^/3). 


(44) 


(45) 


It is interesting to observe that under the interchange ^ 2M, the Kerr and the rA metrics go into each 


other [5] i.e. 


Arl£.^ 2 M 

g^^^j^{u',r',9',p>') —S> gf,^j^{u',r',9',g:>'), 


(46) 


where is given by (49) with A = 0. 

5. Kerr-de Sitter (KdS) and Kerr-anti de Sitter (KAdS) metrics 

The same complexification and change of coordinates and tetrads used in section 4., produce the change 


2M Ar^ 2Mr' Ar'"^ 

fsA = 1 -^-^ JKA = 1 --^ 

r 3 Zj 3L 


(47) 


and the inverse Kerr-de Sitter (anti de Sitter) metrics 

/_ b^sin^O 

g>iy^{u',r',9',p>') = 

V • 


s 


■ S 


S 

_fc 

s 

0 


(48) 


1 / 

Hsin'^O' ' 
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with inverse 




f 1 - 2Mr' + A |_ ^ ^ bsi^(^2Mr' + ^)\ 

—bsiri^O 


0 0 

• -E 


0 

sin^O 


At. 


with 


s 

4 


Ak = (r'^ + iP'Y ~ h^sin^9'{r'’^ + 6^ — 2Mr' — ). 

o 


(49) 


(50) 


The inverse metric (48) is nothing but the inverse metric (43) with the addition of the term —2Mr' in the 
numerator of —g'' ’’ . 


6. Kerr-Newman-de Sitter (KNdS) and Kerr-Newman-anti de Sitter (KNAdS) metrics 


6.1. Eddington-Finkelstein coordinates 

Incorporating to fsA the Reissner-Nordstrom {RN) term = g^ -\- with q-. electric charge and 

g: magnetic Dirac charge, [g] = [g] = [L] in geometric units, defines 


2 M Q 2 

JRNA — ^ - - - 1 


Ar^ 


(51) 


To simplify, take g = 0; then the gauge potential 1-form associated to q is 


A = -dt = -{du -\- 
r r 


dr 

Jrna 


) = Au{r)du Ar(r)dr. 


(52) 


The gauge transformation [11] A'^{r) = A^{r) dfitp{r) allows us to fix A(,(r) = 0 with A'.^{r) = A„(r) = ^ 
and contravariant components 

(A“, A^, A^, A^^) = (0, -, 0,0) = -E. (53) 

r r 

Then, following the same strategy as in section 5., one obtains the inverse Kerr-Newman-de Sitter (anti de 
Sitter) metrics 


/ b‘^sin'^9 

' E 




'2 I .2 

r +0 


r'^+b^-2Mr’+Q^-^ q 


s 
0 

1 / 

Tisin'^^O' f 


(54) 


with inverse 


kna^^ ) ^ ) ^ ) '^ ) — 


^^_2Mr(-Q^+^ ^ Q fc£i^(2Mr'-Q2+ 

—bsin^O 


0 0 

• -S 


0 

sir? 9 


KN 


(55) 


with 


Akn = {r'^ + ~ b‘^sin^6'{r'^ -I- 6^ — 2Mr' ), 


Ar' 


(56) 


and the gauge vector A'^ = ^5^, with covariant components A' = g^ii^xNA^"' ~ ^(1’ —bsin^O') i.e. 


A' = '^{du' — bsin^O' dip'). 

2-i 


(57) 


6 



6.2. Boyer-Lindquist (B-L) coordinates 

The B-L coordinates {t, r, 9, (j)) [10] are defined by 

du = dt-\- xdr, dip' = d<f) -\- ydr, r' = r, 9' = 9 (58) 

with the condition that the coefficients of dtdr and drd(j) vanish. The result is 

b 

^ = -y = -X 


with 


and the metric 


A = r^ +b^ - 2Mr + 


Ar^ 




0 0 
0 

-s 


0 

A ^ 


+62 - A) 
0 
0 


sin^^Q ( ( 


((^2 J 


with inverse 


/ 2 I l2 I l 2 • 2/1 (2Mr-Q2 + A^) 

/ r +0 +0 Sin 9 -^^— 

A 


9^'' KNKit,r,9,(j)) = 


0 0 

-A 0 

_ 1 
s 


6(2Mr-Q2 + ^ \ 
EA 
0 
0 

A-b'^sin'^e / 
SAsin^e ' 


(59) 


(60) 


(61) 


From these expressions, following the lines of the diagram (62) below, one obtains the B — L form of 
the metrics for the indicated spaces: 

rQ{A)dS 
M = 0\ 

RN ^ KN ^ KN{A)dS ^ RN{A)dS 

Q2 = 0 ^ , (62) 

K{A)dS ^ S{A)dS ^ iA)dS ^ Mink 

M = 0i 

r{A)dS 

where rQ{A)dS is a rotating charged anti de Sitter or de Sitter cosmological universe, KN is the Kerr- 
Newman metric, and Mink denotes Minkowski space. 

In B — L coordinates, the gauge potential is given by 

A' = ^{dt— ^dr — bsin^9d(j)). (63) 

Again, the term proportional to dr can be set equal to zero through a gauge transformation since = 
~'Sr) ~ with the usual form 

A' = ^{dt — bsin^9d(j)). (64) 

2-i 

For the electromagnetic (electric) field tensor one has: 
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Covariant components: 


Fau = D.Ai, - D^An = duAi, - = 


/ 0 Ftr 

— Ftr 0 

—Ft0 0 

V 0 —Fr^ 


Fte 0 

0 Frcf, 

0 Fg^ 

— Fg^ 0 


with 


2r^ - E 


qb‘^rsin{29) 


Ftr = —, Ftg = ^ bsin^0Ftr, Fg^ = - 


E 2 


E 2 


qbrsin{26){r'^ + 6 ^) 
E 2 ’ 


1-1 


Contravariant components: 

F^'^ = KNK9'"^ KN^Fpa = 


with 


Mixed components: 


E)(r^ + b'^) 

pte _ 

qh'^rsin{29) 

_ 

qb{2r‘^ - E) 

■, F^"^ 

E3 


E3 

IP - 


E3 

[F*^] = [L]-i 

, [F^^] 

= [L]- 

2 , [F^ 

'1 = \L] 

-2 

•) 

[F«<l>] = 





( ® 

FK 

F*g 



F^. = 9> 

^^KNA 

F — 

^ pu — 

F'-t 

F\ 

0 

0 

0 

0 

F^^ 

F% 

5 




\ 0 

F't’r 

F^g 

0 J 



YAsin^B 


with 


[FK] = [L]- 


F*r — 9^^ Ftr + : 


F% = ,»F,. + pf,, = [f.,i = [i]., 


f. = g^Fr, = [F\] = IL]-', 

F\ = rF„ = -'Fli^^ If.IHLI- 




F^^ = g^^Fr^ = -^ 

Ft = g**Ftr + g^^F^r = [FK] = [E]-^ 

F% = g^^Fg^ = 


-.g^^Ftr+g^^F^r= ^2A 

^Fg, = + ^^) , ^F%] = [L]-, 


= [FU = [LV. 


(65) 


II 

~ 

{L]\ 

[Fr(^\ — 

[Lf; 

( 66 ) 


ptr 

pte 

^ \ 



0 

0 

pr<t> 

, (67) 


0 

0 

p0<p 

\ 0 


—ps<p 

0 ) 



( 68 ) 

(69) 

(70) 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

(77) 



These expressions allow us to compute the electromagnetic part of the energy-momentum tensor 


with 

and 


+ \9p^Fp<rFn = 


fTtt 0 0 Tt(f, 

Trr 0 0 

Tgg 0 




SttS 


! 0 0 

0 

1 0 

■ A(j)(j) 


-i 0 


At^, = 


-A 


A(^(^ — 


S 2 


-((r^ -I- b’^Y + b'^Asin'^6). 


T, 


<P4 '' 


( 78 ) 


(79) 


(80) 


Clearly, for <7 = 0, = 0 independently of the values for M, b and A, while for g ^ 0, 5 = 0 and A = 0 one 

recovers the RN energy-momentum tensor. 


7. Conclusion 


A simple trick (eq.(2)) which unihes the usual treatment of the r~^ and terms after complexification 
of the radial coordinate r in the Newman-Janis approach to the Kerr and Kerr-Newman metrics, allows us to 
consider under the same scheme terms proportional to appearing in the de Sitter {dS) and anti de Sitter 
(AdS) cases (c/. ref. [11], eq.(2.6c)). In particular, for the massive rotating cosmological cases {K{A)dS 
and KN{A)dS) our solution, eq.(55), (or (49) for = 0), coincides with that of Ibohal [6], eq.(6.41), 
but, as is the case of this author, is different from those of Carter [12], Gibbons and Hawking [13], Mallett 
[14], Koberlein [15], and others. Some details of the calculations and a complete study of the geometry 
associated with the metric (60), like Kruskal coordinates, Penrose diagram, horizons, ergospheres, etc., and 
the complete energy-momentum tensor, will be published elsewhere. 
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